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Abstract Magnetars are neutron stars presenting bursts and
outbursts of X- and soft-gamma rays that can be understood
with the presence of very large magnetic fields. Thus, non-
linear electrodynamics should be taken into account for a
more accurate description of such compact systems. We study
that in the context of ideal magnetohydrodynamics and make
a realization of our analysis to the case of the well known
Born-Infeld (BI) electromagnetism in order to come up with
some of its astrophysical consequences. We focus here on
toroidal magnetic fields as motivated by already known mag-
netars with low dipolar magnetic fields and their expected
relevance in highly magnetized stars. We show that BI elec-
trodynamics leads to larger toroidal magnetic fields when
compared to Maxwell’s electrodynamics. Hence, one should
expect higher production of gravitational waves (GWs) and
even more energetic giant flares from nonlinear stars. Given
current constraints on BI’s scale field, giant flare energetics
and magnetic fields in magnetars, we also find that the max-
imum magnitude of magnetar ellipticities should be 10−6−
10−5. Besides, BI electrodynamics may lead to a maximum
increase of order 10%− 20% of the GW energy radiated
from a magnetar when compared to Maxwell’s, while much
larger percentages may arise for other physically motivated
scenarios. Thus, nonlinear theories of the electromagnetism
might also be probed in the near future with the improve-
ment of GW detectors.
1 Introduction
Soft Gamma Repeaters (SGRs) and Anomalous X-Ray pul-
sars (AXPs) (also known as magnetars [see, e.g., 1, and ref-
erences therein]) are spectacular astrophysical systems which
ae-mail: jonas.pereira@ufabc.edu.br
be-mail: jaziel.coelho@inpe.br
ce-mail: rafael.lima@udesc.br
hold the unique possibility of probing yet unknown particle
physics under extremely high magnetic fields. Believed to
be “lonely wolves”, among other properties such objects are
observationally characterized by outbursts of X-ray and soft
gamma-ray flares and have rotational periods P ∼ (2–12) s
and slowing down rates P˙∼ (10−15−10−10) s/s [2]. Duncan
and Thompson [3, 4] proposed that they would be neutron
stars (NSs) with huge magnetic fields (magnetars), of the
order of 1014− 1015 G. One of the reasons for this would
be their transient activities in the form of giant flares, whose
typical luminosities are 1044-1047 erg s−1 [2], not possible in
general to be powered by their rotational energy. 1 Notwith-
standing, three counterexamples of magnetars with low sur-
face magnetic fields are already known [6–8]. This apparent
“glitch” of the magnetar model has motivated different sce-
narios for the explanation of SGRs/AXPs, e.g.: the possibil-
ity of a fallback disk slowing down a neutron star pulsar up
to its current spin period [see, e.g., 9, 10]; drift waves near
the light-cylinder of NSs [see 11, and references therein];
exotic scenarios involving quark stars [12]; and massive, fast
rotating, highly magnetized white dwarfs to explain these
types of sources [13–15]. Low-B values are related to sur-
face poloidal magnetic fields, obtained by assuming that the
spinning down of a star is due to its magnetic dipolar ra-
diation [16], namely Bpol ' 3× 1019(PP˙)1/2 G [2]. Thus,
low-B observations rendered the issue of magnetars much
more complex than just outbursts and high dipolar magnetic
fields and strengthened the relevance of toroidal magnetic
fields in stars.
Numerical simulations of ordinary twisted magnetic fields
in magnetars suggest they should be poloidal field domi-
nated, which is at odds with some inferences from observa-
1Recently, though, the authors of Ref. [5] have discussed the possibil-
ity of some SGRs/AXPs being rotation-powered NSs and explored the
entire range of NS parameters allowed by the conditions of stability of
the star, not only fiducial parameters.
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2tions [see details in 17, 18, and references therein], such as
the three above mentioned low-poloidal-B magnetars. This
has been addressed in the context of a modified twisted mag-
netic field, where ratios of the toroidal energy to the total
magnetic energy in stars could be up to 90% [18]. This has
been done in the context of Maxwellian electromagnetism
and toroidal fields as high as 1015 G could be obtained.
However, for such large magnetic fields, nonlinearities of
the electromagnetism should play a significant role in the
observational properties of the systems bearing them. Moti-
vations for nonlinear electrodynamics in the context of high
fields naturally come from QED [19] but in this paper we
focus on an older approach, due to Born and Infeld [20],
interesting even nowadays due to the reasons that follow.
Born-Infeld’s electromagnetism was conceived with the
purpose of healing the energy singularities of point-like charged
particles such as the electron and is motivated by the finite-
ness of physical observables in special relativity [20]. It was
showed in the 1980s that it is consistent with the low-energy
limit of string theory and this has, since then, drawn very
much attention to it [see 21, and references therein]. It al-
ready has an exact black hole solution [see for instance 22,
and references therein] though in this context singularities
are unavoidable [23]. When applied to the hydrogen atom,
Born-Infeld theory as the description for electromagnetic
interactions meets the observational spectrum of this atom
only if its scale factor b is larger than the one inferred by
Born and Infeld themselves within the unitarian viewpoint
[24–26], approximately 1015 statvolt cm−1 (or also 1015 G)
[20] (around 100 times QED’s critical fields [19]). There
are also constraints on b coming from particle accelerators.
It has been recently shown that LHC light-by-light scatter-
ing in Pb-Pb collisions would restrict b to be larger than
(100GeV )2 ≈ 1023 statvolt cm−1 ≈ 1023 G [1eV 2 ≈ 14.4 G
≈ 14.4 statvolt cm−1] [27]. However, it is important to point
out that the kinematic cuts made in ATLAS and the self-
consistency of the linear analysis used for cross section cal-
culations are such that this experiment does not allow for
the test of smaller values of b [27]. All the above means
that the window 1015 G . b . 1023 G cannot be assessed
by LHC experiments so far and hence they leave a “hole” in
the probe of the b parameter. Given that magnetars are be-
lieved to have surface fields as high as 1015 G (even larger
fields in their interiors), they could be the ideal systems for
assessing scale fields to the Born-Infeld theory in the region
the LHC cannot. This is important and is a motivation our
analysis because the Born-Infeld electrodynamics can only
be disregarded when its whole space of parameters is ex-
cluded. Besides, magnetars could also be ideal testbeds for
other nonlinear theories of the electromagnetism. Impres-
sively enough, perhaps due to the intrinsic difficulties al-
ready present in the Maxwell theory, such analysis seems
scarce in the literature of magnetars. We try to partially fill
this gap in here.
We structure this work in the following way. Next sec-
tion is devoted to the deduction of the field equations in non-
linear electromagnetism for the case of ideal magnetohydro-
dynamics. In Sec. 3.1 we work out a realization of nonlinear
toroidal fields, by focusing on some consequences of it for
the case of Born-Infeld electrodynamics. Some astrophys-
ical consequences thereof are investigated in Sec. 4, espe-
cially related to the increase of the magnetic ellipticity and
gravitational-wave energy budget when compared to their
Maxwellian counterparts. Finally, discussions and conclu-
sions are given in Sec. 5. We work with Gaussian and geo-
metric units.
2 Nonlinear electrodynamics in ideal
magnetohydrodynamics
For a Lagrangian density L depending upon both invariants
of the electromagnetism, F .= FµνFµν and G
.
= Fµν
∗
Fµν ,
∗
Fµν the dual of Fµν [28], the appropriate electromagnetic
action is
Sem = a
∫
d4x
√−gL(F,G)−
∫
d4x
√−g jµAµ , (1)
where a is a numerical factor that depends upon the system
of units used, g is the determinant of the spacetime metric
gµν (assumed in this work to be given), jµ is the current
four-vector of the system and Aµ is the four-potential of the
electromagnetic fields. We work with Gaussian units, which
means we take a =−1/16pi . By assuming that Fµν = Aµ;ν−
Aν ;µ = Aµ,ν −Aν ,µ and varying Eq. (1) with respect to Aµ ,
we obtain the field equations
∂µ(
√−gLF Fµν +
√−gLG
∗
Fµν) = 4pi
√−g jν or
(LF Fµν +LG
∗
Fµν);µ = 4pi jν , (2)
complemented with (a natural consequence of the definition
of Fµν ) [28]
∂µ(
√−g ∗Fµν) = 0 or ( ∗Fµν);µ = 0 (3)
where LX
.
= ∂L/∂X , X =(F,G),
∗
Fµν .=ηµναβFαβ/(2
√−g),
η0123 .=+1, is a totally antisymmetric tensor. Note that since
the Lagrangian must be an even function of the invariant G
(due to symmetry requirements from electrodynamics), LG
is an odd function of G, which means it is zero when the
fields are orthogonal.
In order to simplify our description and evidence the
physical picture involved in our analysis, we assume now
the case where the electromagnetic fields are orthogonal and
take the spacetime metric to be the Minkowski metric. Crossed
3fields naturally arise in the context of ideal magnetohydro-
dynamics (MHD) [see e.g., [16, 29]], which we will con-
sider throughout this work, and the use of a flat spacetime
metric, though being an idealized case, will allow us to find
the maximal changes of physical quantities regarding Maxwell’s
electrodynamics. 2 As commented previously, LG = 0 for the
case under interest and Eqs. (2) and (3) can be cast as (we
restore Gaussian units here)
∇ · (LF E) = 4piρ, (4)
∇ ·B = 0, (5)
∇×E =−1
c
∂B
∂ t
(6)
and
∇× (LF B) = 1c
∂LF E
∂ t
+
4pi
c
j, (7)
where we have defined ρ as the system’s charge density and
j its current vector.
Since ρ and j are given aspects of a system, one could
take as reference Maxwell’s electromagnetism. There, 4piρ =
∇ ·EMa and 4pic j = ∇× (BMa)− 1c ∂EMa∂ t , which allows us to
recast Eqs. (4) and (7) as
∇ · (LF E−EMa) = 0 (8)
and
∇× (LF B−BMa) = 1c
∂
∂ t
(∂LF E−EMa). (9)
Care must be taken at this point due to Eqs. (5) and (6),
which are formally identical to their Maxwellian counter-
parts but are related to the fields E and B, instead of BMa
and EMa. This means, for instance, that a dipolar magnetic
field in Maxwell’s electromagnetism cannot in general have
the same functional form in nonlinear electrodynamics.
Nonetheless, for a very good conductive region of a rigidly
rotating star with an angular frequency ω in the regime of
small velocities v/c 1 (v .= ||v||) , one has that (ideal MHD
[16, 29])
E =−v
c
×B =−ω× r
c
×B, (10)
which comes from the assumption that Ohm’s law also holds
for nonlinear electrodynamics, taken in this work as a first
2Indeed, when general relativistic corrections are taken into account,
quantities such as the magnetic fields should decrease with respect to
their flat spacetime counterparts by a function depending on the com-
pactness factor [5, 30, 31]. We plan to investigate the case of nonlinear
electrodynamics in curved geometries as due to magnetars in a forth-
coming work.
approach, and the consideration the current density is finite
in the limit of infinite conductivity. 3
If one assumes that the magnetic field lines are dragged
along the motion of the star (frozen), then it follows that
(Alfvén’s theorem) [29]
∂B
∂ t
= ∇× (v×B) = ∇× (ω× r×B). (11)
However, in nonlinear electrodynamics this point might be
subtler in principle. If one inserts E = j/σ −v×B/c (from
Ohm’s law in first order in v/c; see footnote) into Eq. (6),
takes σ to be constant, assumes that ∂LF E/∂ t is negligible
when compared to the current density (which could be jus-
tified due to the fact that in a given limit the equations of
nonlinear electrodynamics tend to the Maxwell ones where
that holds true for large σ [32]), one has that
∂B
∂ t
= ∇× (v×B)− c
2
4piσ
∇×∇× (LF B). (12)
One sees from the above equation that Eq. (11) is recovered
when σ → ∞ (ideal MHD) and that Eq. (10) arises in this
limit. The above means that the magnetic flux through any
closed loop in a perfectly conducting medium is constant
also in nonlinear electrodynamics if the conditions leading
to Eq. (12) hold. We leave analyses of other scenarios (for
instance finite σ , violation of Ohm’s law, etc.) to be investi-
gated elsewhere.
From Eq. (8), one has
LF E = EMa +∇×C, (13)
where C is an arbitrary vector. If one assumes that the time
derivative of C is negligible [which should be justified by the
assumption of large conductivity and would be equivalent to
the disregard of the time derivative term of Eq. (7) w.r.t. j, as
happens in Maxwell’s ideal magnetohydrodynamics [29]],
then it follows from Eq. (9) that
LF B = BMa +∇ f , (14)
where f is also an arbitrary function. One can solve Eq. (14)
for B (given a nonlinear electrodynamics), which, after re-
placed in Eq. (5), will fix the function f .
3Let us elaborate on this point. If one assumes the validity of Ohm’s
law also in nonlinear electrodynamics, then in a locally comoving ref-
erence frame (or rest-frame) K′ (with respect to a conducting fluid),
one has that j′ = σE′, where j′ and E′ are the current density and the
(nonlinear) electric field there, respectively, and σ is the conductivity
of the fluid. Take now the limit σ → ∞ (ideal conductor). If one as-
sumes that j′ is finite (could be any), then, necessarily, E′ = 0. Make
use now of another inertial coordinate system K (usually called the
laboratory frame) such that K′ moves with respect to it with velocity
v. When v/c 1, it follows that E′ = E+ v×B/c [28]. (Due to the
smallness of the charge density in a conductor after a small character-
istic time [32], from the transformation laws of four-vectors in the limit
of v/c 1, it also follows that j′ = j.) Thus, in the limit of ideal MHD,
Eq. (10) follows as a kinematic constraint, and hence would be valid
for any theory of the electromagnetism.
4From Eqs. (13), (14) and (10), it immediately follows
that
EMa +∇×C =−ω× rc × (BMa +∇ f ), (15)
which from the Maxwellian relationship of the fields [EMa =
−(ω× r)×BMa/c] implies
∇×C =−ω× r
c
×∇ f . (16)
Thus, any non-null f induces a non-null C and this is done
through the assumption of the system’s large conductivity,
exactly as suggested by previous intuitive arguments. We
stress that Eqs. (13), (14) and (16) are simple just because
they relate fields in different theories. Without the solutions
for BMa and ∇ f , which are not easy in general, they are just
indicative.
The electromagnetic energy density in nonlinear electro-
dynamics can be easily obtained with the mixed 00 compo-
nent of the electromagnetic energy momentum tensor, which
to the case of Eq. (1) for orthogonal fields is given by [33]
16piT νµ =−4LF FµαFγβ gνγgαβ +Lδ νµ , (17)
where δ νµ is the Kronecker delta function [28]. When the
hypothesis of very conductive media is taken into account
(|E|  |B|), Eq. (17) implies that
16piT 00 ≈ L. (18)
3 Nonlinear toroidal fields
In order to have some insights into the influence of non-
linear electrodynamics on magnetars and motivated by the
expected dominance of azimuthal fields inside such systems
[18], here we focus on the nonlinear field equations for purely
toroidal fields with axial symmetry (thought of as a rough
approximation to the real scenario), such that Bt =Bφ (r,θ)φˆ ,
where φˆ is the azimuthal unit vector. This field is such that
Eq. (5) is automatically satisfied. From Eq. (10), the case of
toroidal fields in rigidly rotating stars (we define the z-axis
such that ω = ω zˆ, which means v = vφˆ , v being any) result
in E = 0, which automatically satisfies Eq. (6) [as well as
Eq. (11)] and from Eqs. (13) and (16) implies ∇ f = 0. Thus,
Eqs. (14) (the only remaining nonlinear equation) leads to
LF Bφ = BMaφ . (19)
Since in the small field regime of nonlinear electrody-
namics LF = 1− |something small| [34], it follows generi-
cally from the above equation that the magnitudes of non-
linear toroidal fields in ideal MHD are in general larger than
their Maxwellian counterparts. Given that, we investigate an
interesting case with an exact solution in the next subsection.
3.1 Born-Infeld toroidal field analysis
Born-Infeld’s Lagrangian is defined as [see for instance 33,
35]
LB.I
.
= 4b2
(√
1+
F
2b2
− G
2
16b4
−1
)
, (20)
where b is the scale field of the theory and from the defini-
tion of the invariants of the electromagnetism, F = 2(B2−
E2) and G2 = 16(E ·B)2. Thus, for orthogonal fields, our
main interest in this work, the only relevant derivative to the
Lagrangian is
LF =
b√
b2 +B2−E2 ≈
b√
b2 +B2
, (21)
since for very good conducting stars it follows that |E| |B|.
To the case of Born-Infeld toroidal magnetic fields, Eqs. (19)
and (21) lead to a very simple solution, namely,
Bφ =
bBMaφ√
b2− (BMaφ )2
, (22)
which clearly evidences the increase nonlinear electrody-
namics impinges on Bφ .
For toroidal-dominated fields, it follows from Eqs. (18),
(20) and (22) that the energy densities in Born-Infeld and
Maxwell’s theories are related by
(T 00 )BI
(T 00 )Ma
= 2
(
b
BMaφ
)2
1−(BMaφ
b
)2− 12 −1
 , (23)
which is always larger than the unit for BMaφ < b, needed for
the consistency of Born-Infeld toroidal fields. This means
that toroidal fields in nonlinear electrodynamics imply larger
energy reservoirs when compared to Maxwell’s predictions.
3.2 Ellipticities for Born-Infeld toroidal fields
Strong toroidal magnetic fields also have important impli-
cations for the ellipticity, as we discuss now. Assume that
the magnetic ellipticity of a star is proportional to the mean
value of B2φ , i.e.,
ε = c1〈B2φ 〉, (24)
where c1 is a constant that depends upon aspects of the star
such as its radius, compactness, etc. Indeed, when toroidal
magnetic fields are dominant, one has that [36]
ε ∝− 1
Eg
∫
dV B2φ , (25)
5where Eg ∝ M2/R is the magnitude of the gravitational en-
ergy of the star and dV is a volume element. Thus, by defin-
ing 〈B2φ 〉 .=
∫
dV B2φ/V , Eq. (24) ensues with c1 depending
on the compactness of the star and its radius, all byproducts
of its microphysics.
From Eq. (22), it follows that the Born-Infeld to the Max-
wellian ellipticity ratio is
εBI
εMa
=
(
E˙BIGW
E˙MaGW
) 1
2
≈
(
∆EBIGW
∆EMaGW
) 1
2
≈
1−(BMaφ
b
)2−1 ,
(26)
where E˙GW is the energy loss due to gravitational waves.
We have assumed that BMaφ is slowly varying within the star
(where it takes place), which might be taken for maximal es-
timates. Since BMaφ < b from consistency of Eq. (22), one has
from the above equation that the production of gravitational
waves is larger in the Born-Infeld theory than in Maxwell’s.
Assume now that c1 is given, so as an upper limit to the
norm of the magnetic ellipticity of a star and the Maxwellian
toroidal magnetic field. (One could easily estimate BMaφ by
means of magnetar’s observables such as flare luminosities
and upper limits to the ellipticities could be inferred from
gravitational-wave analysis.) In this case, from Eq. (24), it
follows that Maxwell’s ellipticity is known. If one takes the
true theory of the electromagnetism as Born-Infeld’s, thus
b≥ BMaφ
(
1− 1
C
)− 12
, C
.
=
|εul |
|εMa| , (27)
where εul stands for the observational upper limit of the
magnetic ellipticity. From Eqs. (22) and (24) one sees that
when the measured ellipticity is the one connected with the
Born-Infeld theory, then it follows that C > 1 automatically.
Besides, Eq. (27) is totally equivalent to the consistency of
Eq. (22) since the minimum value of b is BMaφ (1−1/C )−1/2,
which is larger than BMaφ . Therefore, Born-Infeld electrody-
namics is self-consistent.
4 Possible Astrophysical Implications of Born-Infeld
magnetars
LIGO measurements already constrain ellipticities in ordi-
nary pulsars and their magnitude should be smaller than ap-
proximately 10−6 [37]. The values of the ellipticities they
found should be taken as upper limits since no continuous
gravitational-wave signals have been detected from neutron
stars. In what follows we do not assume the above value
holds true for magnetars, but we rather find an upper limit
to it by means of outcomes of Born-Infeld theory applied to
the hydrogen atom. We will focus on the systems supposed
to have dominant toroidal fields such that the analysis of the
previous section could be taken into account. This is actually
believed to be the case in all magnetars and even possibly in
several pulsars [18].
In this context, mean toroidal Maxwellian fields could
be estimated with giant flare events by dint of
(BMaφ )
2 =
6E f l
R3
, (28)
where R is the radius of the magnetar and E f l is the total
energy released in the giant flare. Precise |c1| calculations
for the case of a homogeneous ellipsoid show that [36]
|c1| ≈ R
4
GM2
, (29)
where G is Newton’s constant and M is the magnetar’s mass.
From Eq. (27) [or Eq. (26)], |εul | could be constrained if a
minimum value for b, bmin, was given, implying that
|εul |=
1−(BMaφ
bmin
)2−1 |εMa|. (30)
Maximum values for BMaφ are estimated by taking the
maximum energy released during giant flares, around 1047
erg to the magnetar SGR 1806–20 [2, 38]. In this case, toroidal
magnetic fields of order 7.7×1014 G arise and from Eqs. (24)
and (29), by making use of fiducial magnetar parameters
[R = 10 km and M = 1.4 M⊙], it follows that |εMa|= 1.20×
10−6. Taking into account hydrogen experiment outcomes
[26], one learns that the absolute minimum value for Born-
Infeld’s scale field is bmin ≈ 3.96× 1015 statvolt cm−1 (or
bmin ≈ 3.96× 1015 G) [20] [most recent data for the mass
and charge of the electron have been used]. Thus, from the
above and Eqs. (30) and (26), we have that |εul | ≈ 1.24×
10−6 and ∆EBIGW/∆E
Ma
GW . 1.08.
Naturally, if larger values of E f l are the case (for in-
stance associated with uncertainties in distance measurements
or even newly-born magnetars), then larger ellipticities would
emerge. If E f l = 1047− 1048 erg, say E f l = 5× 1047 erg,
which might be possible to giant flare events when they are
associated with nonlinear electrodynamics [which increases
the magnetic energy reservoir of highly magnetized stars,
see Eq. (23)], or are associated with smaller than usual short
GRBs 4 [typical isotropic energy of ordinary short-GRBs are
in the range 1049−1052 erg [40, 43]], then |εul | ≈ 7.4×10−6
[BMaφ = 1.7×1015 G] and ∆EBIGW/∆EMaGW . 1.53. If, instead,
only magnetic fields as high as 1015 G are possible in mag-
netars, from Eq. (26) one has that ∆EBIGW/∆E
Ma
GW . 1.14,
4The authors of Ref. [39] have estimated that an appreciable quantity
of short GRBs might be related to extragalactic unstable magnetars.
However, Ref. [40] has cast doubt on whether or not the recent sub-
luminous short gamma-ray burst GRB 170817 A [41], associated with
GW 170817 [42], might be related to a magnetar flare.
6which in turn would imply in |εul | ≈ 2× 10−6. Thus, up-
per limits to the magnitude of magnetic ellipticities of mag-
netars would be around 10−6 (10−5) and the maximum in-
crease of gravitational-wave energy released in Born-Infeld
theory with respect to Maxwell’s theory would be around
15% (even larger than 50%) for flare energy up to 1047 (1048)
erg.
5 Discussions and conclusions
In order to explain magnetars’ observational properties, it
seems accepted today in the literature that very large resul-
tant magnetic fields should take place in the vicinities of
their surfaces and also interiors. Fields as high as 1015 G
should be present in order to function as energy reservoirs to
the flare activities magnetars display. With such high fields,
it seems reasonable to assume nonlinear electrodynamics
could give a more precise description of magnetars and con-
comitantly they could be natural candidates for probing non-
linear electrodynamics astrophysically. Given that there are
known magnetars with low-poloidal magnetic fields, toroidal
fields should be particularly relevant for highly magnetized
stars. Fields of order 1015 G are a natural scale for magnetic
fields in magnetars and this value is of the same order as the
scale field in Born-Infeld’s original theory. This was one of
our motivations to our analysis.
Axially symmetric toroidal nonlinear fields have a very
simple solution in the context of magnetars’ ideal magneto-
hydrodynamics because electric fields are not induced. Note
this would be the case only where toroidal fields would ex-
ist and be much larger than poloidal ones, believed to be the
case just in the interior of magnetars [18]. Besides, nonlin-
ear electrodynamics leads to toroidal magnetic field increase
when compared to their Maxwellian counterparts. This would
imply the increase of the magnetic energy of a magnetar,
exactly as we have showed, which could lead to more ener-
getic flare activities. Besides, more magnetic energy could
be converted into gravitational-wave energy, as also explic-
itly showed. The kinematic reason for so is the increase
in magnitude of the Born-Infeld magnetic ellipticity when
compared to its Maxwellian counterpart.
Hydrogen atom byproducts show that Born-Infeld’s scale
field should be larger than the one obtained by Born and In-
feld themselves. Actually, such a value defines an absolutely
lower limit to the scale field and has to be taken into account
for physically relevant constraints. (For the upper limit on b
which could not have been assessed by the ATLAS experi-
ment, the changes introduced by the Born-Infeld Lagrangian
are negligible when compared to the Maxwell theory.) When
that is done, Born-Infeld theory predicts an upper limit to
the magnetic ellipticity of a magnetar, which also lead to
an upper limit to the gravitational-wave energy it may emit.
Giant flares are important in this case because they result in
the largest energy budgets of the system, which according
to the magnetar theory should have exclusive magnetic ori-
gins. We have showed that the upper limit to the magnitude
of the ellipticity should be within the range 10−5−10−6 for
current observations of the magnetar SRG 1806-20. Born-
Infeld’s gravitational-wave energy for giant flare events of
around 1047 erg would be at most 10%− 20% larger than
their classical counterparts, while for flare energy up to 1048
erg the maximum percentage could be much higher than
50%. Naturally, the previous incredibly large Born-Infeld
gravitational-wave energy increase should be seen only as
an indicative value, given that b should be larger than bmin.
When LIGO/VIRGO are able to constrain magnetar ellip-
ticities, we see from Eq. (27) that minimum values for the
Born-Infeld’s scale field could be inferred astrophysically.
This seems very interesting since it would work as a possible
cross-check to the already available constraints on b and be
able to probe the region of parameters current experiments
cannot.
It is argued that a fiducial upper limit to the norm of the
ellipticity should be around 10−6 when asymmetries sup-
ported by anisotropic stresses built up during the crystal-
lization period of the crust are taken into account [44]. It
is worth mentioning that Refs. [45, 46] have predicted GW
amplitudes for all known pulsars and, when an extremely
optimistic case is considered, ellipticities should be at most
10−5 (for PSR J1846-0258). Thus, since the predicted GW
amplitudes are extremely small, observation times of thou-
sands of years would be needed even for advanced detectors
such as aLIGO and AdVirgo, and the planned Einstein Tele-
scope might not be able to detect these pulsars. All of the
above actually evidences the relevance of finding the max-
imum increase of gravitational-wave energy in Born-Infeld
theory with respect to Maxwell’s theory. The conclusion in
the context of Born-Infeld theory is that magnetars with gi-
ant flare energy & 1047 erg would be the most promising
candidates for gravitational-wave detections and by conse-
quence potential tests of nonlinear electrodynamics.
In a realistic stellar model, magnetic fields should present
both poloidal and toroidal components and should be depen-
dent upon the azimuthal coordinate and time too (besides
r and θ ). However, for slowly rotating highly magnetized
nonlinear stars it seems reasonable to start with simplified
stationary and axially symmetric models, as suggested by
some MHD simulations [18]. Therefore, one could conceive
models in the form B=Bpol(r,θ)+Btor(r,θ). Notwithstand-
ing, in the context of nonlinear theories, finding Bpol and
Btor is expected to be even harder than in Maxwell’s elec-
trodynamics due to the natural coupling of these compo-
nents. When toroidal fields are very large, though, one could
uncouple the system of equations. Besides, it is also pend-
ing stability analysis for magnetic fields in the context of
nonlinear electrodynamics and when Ohm’s law does not
7hold. It is already known that Maxwell’s theory in the con-
text of ideal MHD leads to instabilities of purely poloidal
or toroidal fields (see e.g., [47, 48] and references therein).
These analyses are interesting on their own and are left for
future works.
Additionally, for describing more realistically nonlinear
electrodynamics in magnetars and the effects thereof, curved
geometries should also be taken into account. However, in a
first approach, it seems justifiable to neglect them such that
maximal field strength (and derived quantities) and a better
understanding of the physics taking place in the above sce-
nario could be obtained. This would allow one to find which
aspects are more important to be focused on in more precise
analyses. We have seen that magnetic ellipticities are clear
candidates. Curved geometries may significantly affect them
by changing the spatial distributions of magnetic fields. Be-
sides, the presence of both poloidal and toroidal magnetic
fields and their couplings might also cancel out one another
effects on the magnetic ellipticity. Due to the connections of
the above effects with magnetar GWs, we plan to investigate
these issues elsewhere.
Summing up, we have showed that when ideal magne-
tohydrodynamics and nonlinear electrodynamics are taken
into account in magnetars, axially symmetric toroidal fields
should be larger than their Maxwellian counterparts. This
implies larger magnetic energy and ellipticities, which could
thus increase the emission of gravitational waves from non-
linear highly magnetized stars. Current constraints on the
Born-Infeld theory, giant-flare energetics and magnetic fields
in magnetars point to a maximum increase of 10%− 20%
of the energy emitted in the form of gravitational waves by
Born-Infeld magnetars when compared to Maxwellian ones.
When larger giant-flare energy are taken into account, in
principle plausible due to the nonlinearities of the electro-
magnetism which could increase the magnetic energy reser-
voirs of magnetars, much higher percentages may appear.
Thus, the possibility may arise for also probing nonlinear
electrodynamics with the advancement of gravitational-wave
detectors.
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